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Abstract –We analyze the interaction of a cold fast electron beam with a thermalized plasma,
in the presence of many Langmuir modes. The work aims at characterizing the deviation of the
system behavior from the single mode approximation, both with respect to a consistent spectral
analysis of the most unstable mode harmonics and with respect to the presence of a dense spec-
trum, containing linearly unstable and stable modes. We demonstrate how, on the one hand,
the total energy fraction absorbed by the harmonics is negligible at all (by evaluating its total
amount) and, on the other hand, the additional Langmuir modes can be excited via an avalanche
mechanism, responsible for a transport in the particle velocity space. In particular, we show that
the spectral broadening outlines a universal shape and the distribution function, associated to
the avalanche mechanism, has an asymptotic plateau, differently from the coherent structures
characterizing the single wave model.
Introduction. – The understanding of the dielectric
structure of a homogeneous plasma and of the existence of
a stochastic electrostatic background of Langmuir waves
[1] raised interest in the possibility to excite specific modes
via the inverse non-linear Landau damping [2, 3]. Indeed,
the study of how a fast electron beam interacts with a
thermalized plasma has received increasing contributions
leading to a solid theoretical paradigm [4].
A basic achievement must be regarded in the deriva-
tion of the linear dispersion relation for the beam-plasma
system in Ref.[5], where a topological change of the Lan-
dau solution, due to the presence of a fast population, has
been shown to imply the existence of unstable modes. The
non-linear saturation of such beam-plasma instability and
its backreaction on the fast particles has been successfully
investigated in Ref.[6] (see also Refs.[7–9] and Refs.[10–14]
for a rigorous generalized Hamiltonian reformulation of
the problem). This latter work describes the growth and
saturation of the Langmuir waves, as effect of the energy
and momentum they receive from the fast particles when
the resonance condition is nearly fulfilled, i.e., when the
beam velocity is almost equal to the phase velocity of the
wave. The amplification of such a resonant mode is as-
sociated with a trapping process of fast particles. This
paradigm, originally developed to interpret real experi-
ments of beam-plasma interactions, is today of relevant
interest in view of the possibility of implementing the ideas
underlying the works by O’Neil and collaborators into the
so-called bump-on-tail paradigm, i.e., a warm tail in the
electron plasma population (this topic is recently reviewed
in Ref.[15]). In fact, the bump-on-tail scenario is relevant
for the interpretation of fusion oriented experiments, by
a one-to-one correspondence between the Langmuir and
shear Alfve´n waves and between the transport in the ve-
locity and radial spaces, respectively [15–18]. A discussion
concerning the beam-plasma instability in the presence of
a warm beam has been addressed in Ref.[19], showing how
the resonant mode is amplified as far as the relative ve-
locity fluctuation is of the order of the ratio between the
beam and the plasma density to the 1/3. Both Refs.[6]
and [19] actually deal with a single resonant wave model,
properly justified as far as the beam is sufficiently tenuous.
In the present paper, we relax such a restriction and we
consider a large number of Langmuir modes interacting
with a single cold beam, with the aim to quantitatively
test the validity of the single wave approximation. As a
p-1
N. Carlevaro, G. Montani, D. Terzani
first step, we add to the resonant (most unstable) mode a
wide number of harmonics, which are naturally generated
when the beam heats and unavoidably acquires a certain
degree of inhomogeneity. We study this problem to deter-
mine the consistency level of the harmonic inclusion, which
requires to add hundreds of modes. The main merit of this
analysis is to demonstrate how the total energy contribu-
tion of the harmonics is less than 10−5 times the resonant
mode one. This confirms the ideas discussed in Ref.[6], but
with a quantitative self-consistent analysis of the Fourier
coefficients during the beam charge distribution evolution.
Then, the core of the paper is devoted to a quantita-
tive study of the regimes for which the single wave model
approximation is broken. In particular, by enhancing the
periodicity length of the system and varying the beam den-
sity, we determine the influence of a set of Langmuir modes
(having a sufficiently large spectral density) on the profile
of the resonance. We show how, when the beam den-
sity (or equivalently the mode spectral density) increases
enough still remaining tenuous, it is possible to observe
an avalanche process in which all the available linearly
stable modes with larger wave numbers are also excited
(see also Ref.[20]): this is due to the conservation of to-
tal momentum, since particles donate, on average, energy
to the modes. In fact, it has been shown both theoreti-
cally (see, for example, Ref.[11]) and experimentally [21]
that wave-particle interaction takes place locally in veloc-
ity space, a feature which is a source for the avalanche
process mentioned above. As a result, in such a limit, the
spectrum acquires a universal form (i.e., we observe a uni-
versal line broadening) and the particle distribution func-
tion resembles a plateau profile, very different from the co-
herent structures observed in the phase space for the single
wave model. Our study has the merit to clarify how the
presence of a discrete Langmuir spectrum around a beam-
plasma resonance can be very important for the transport
properties in the velocity space and how, in this respect,
the spectral density is crucial when compared with the
beam intensity, indeed determining the universal charac-
ter of the spectral intensity.
Basic assumptions and linear analysis. – Let us
now briefly recall the basic results of Ref.[5], where it is dis-
cussed the linear interaction of a single electron-beam with
a cold background plasma treated as a one-dimensional
(1D) dielectric medium supporting longitudinal electro-
static waves of frequency ω. The bulk plasma is assumed
homogeneous having a constant particle density np, and
the supra-thermal tenuous beam (having number density
nB ≪ np) has initial velocity vB much greater than the
thermal electron velocity. The plasma frequency is defined
as ωp =
√
4πnpe2/me (me and e being the unitary elec-
tron charge and mass, respectively) and, in the limit of
a cold plasma, the dielectric function ǫp takes the simple
form ǫp = 1−ω
2
p/ω
2. Considering an electric field pertur-
bations of the form eikx−iωt, from the study of the disper-
sion relation [5,22] the most unstable mode is a Langmuir
mode with ω ≃ ωp, characterized by a wave vector k0
satisfying the resonance selection rule k0 = ωp/vB (which
guarantees that beam particles move at the wave phase
velocity vph = ωp/k0 = vB). Introducing the fundamen-
tal parameter η¯ = (nB/2np)
1/3, the profile of the most
unstable mode growth rate γ(k) has a peaked structure
with a maximum γL ≃ 0.7 η¯ωp in correspondence to k0
and an half-width roughly estimated as |∆k|/k0 ≃ 1.7 η¯
[5, 19]. Actually, all wave numbers smaller that k0 are
(in principle) linearly unstable but, as we will see in the
next Sections, they are substantially not influent in the
non-linear dynamics due to total momentum conservation,
and can be safely neglected in this estimate. Furthermore,
we note that the dispersion relation is expanded around
k0 and so that it holds locally only. The Langmuir spec-
trum can thus be characterized as follows: the most un-
stable mode k0 = ωp/vB; linear unstable modes having
k0− |∆k| > k > k0+ |∆k|; and the linear stable part with
k outside the instability region width.
Non-linear beam-plasma interaction. – Aiming
at describing the trapping of the fast particles within the
global electric profile and the generated evolutive spec-
trum, we follow the “single wave model” analysis in Ref.
[6], where only the most unstable mode has been addressed
(see Refs.[10–14] for the Hamiltonian approach). Actually,
we generalize the beam plasma dynamics to the presence of
the linear unstable and stable part of the spectrum (details
on the derivation of the system equations can be found in
Refs.[23] and [24]).
The 1D motion along the x direction of the N beam par-
ticles (located in xr) is periodic of period L and governed
by the Newton law. The Poisson equation instead provides
the self-consistent evolution of the mode, and the Lang-
muir wave scalar potential ϕ(x, t) is expressed as a func-
tion of its Fourier components ϕkj (t) (here, j = 1, ..., m).
Each mode has ωj ≃ ωp and, in the assumption of a cold
plasma, the dielectric function is nearly vanishing so that
it can be formally expanded as ǫp ≃ (2i/ωp)∂t: this yields
the evolution of the electric potentials. The dynamics is
analyzed in the reference frame comoving with the initial
beam speed, by introducing the effective non-linear shift
ξ defined as ξr(t) = xr − vBt. Moreover, the following set
of normalized scaled quantities are introduced
ℓj = kjL/2π , ξ¯r = 2πξr/L , τ = tωpη¯ ,
φℓj = ϕkj ek
2
j/(meη¯
2ω2p) , βj = (kjvB − ωp)/ωpη¯ ,
(1)
where ℓj are integer numbers. The dynamical system gov-
erning the interaction of m Langmuir modes and the in-
jected beam reads now
ξ¯′′r = i
m−1∑
j=0
ℓ−1j φℓj e
iℓj ξ¯r+iβjτ + c.c. , (2a)
φ′ℓj =
i
N
N∑
r=1
e−iℓj ξ¯r−iβjτ , (2b)
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where the prime denotes the τ derivative. We mention
how the present dynamics is formally equivalent to many
Hamiltonian models studied over the last forty years ( [12,
14, 25–30]).
Simulation results. – Here, we numerically explore
the regime of validity for the single wave model. In par-
ticular, we study the effects of increasing the periodic-
ity length of the system L (or equivalently the value of η¯
and, thus, |∆ℓ|) by considering ℓ0 ≫ 1 and the possibil-
ity of avalanche excitation of the linear unstable and sta-
ble modes. The system (2) is simulated using a 4th-order
Runge-Kutta algorithm (whose reliability is comparable to
standard symplectic approaches, see for example Refs.[31]
and [32]) and N = 105 total particles; for the considered
time scales and for an integration step ∆τ = 0.01, both
the total energy and momentum (for the explicit expres-
sions, see Ref.[23]) are conserved with relative fluctuations
of about 1.4× 10−5.
The non-linear shifts ξ¯r are normalized in Eqs.(2) in
the domain [0, 2π] and this feature is implemented in the
code outputs. The initial conditions are ideally assigned
such that ξ¯r(0) take random values while ξ¯
′
r(0) are sim-
ply vanishing. But, accordingly to Ref.[6], we set initial
data (depicted in Fig.1 around ξ¯ = π) slightly modified
with respect to such a configuration in order to match
the right value of the frequency predicted by the linear
theory. The initial values of the dimensionless complex
Fig. 1: Zoom of the periodic initial conditions for ξ¯r and ξ¯
′
r in
the restricted region near ξ¯ = π.
modes are set with random phases and with mode am-
plitude of |φℓ0(0)| = 10
−2 for the most unstable mode,
and of |φℓj (0)| = 10
−4 for the other ones with j 6= 0.
The simulations are run implementing the transformation
φ¯ℓj = φℓje
iβjτ and the evolutive equations for the real and
imaginary part of φ¯ℓj , respectively. It is worth mention
that the frequency mismatch βj assumes the dimension-
less expression βj = (ℓj/ℓ0−1)/η¯, where we have used the
resonance condition vB = ωpL/(2πℓ0).
Single wave model. We underline that the single wave
model equations [6] (m = 1 and ℓ0 = 1) are not explic-
itly dependent on η¯ (since β0 = 0). The dynamics, taking
a universal form, consists of two different stages: in the
early evolution (until τ ∼ 6) an exponential growth of
the mode takes place and then, after the non-linear am-
plitude saturation, the particles get trapped and begin to
slosh in the potential well, making the mode intensity to
oscillate. The instant τ ∼ 6 is called spatial bunching be-
cause of the behavior of the particle spatial distribution.
In particular, the initially uniform beam gets trapped in
the instantaneous potential well and the spatial density
tends to a peaked profile. On the other hand, the velocity
distribution spreads. From energy conservation at mode
saturation |φsat| ≃ 1.1, the half non-linear velocity spread
can be evaluated as
∆vnl = |vnl − vB| ≃ η¯ωp
√
4|φsat|/k0 ≃ 2.1η¯ωp/k0 . (3)
Using now the expression of the linear growth rate, we
can write the relation ∆vnl ≃ 1.4ωB/k0 ≃ 3 γL/k0 (where
ωB ≃ η¯ωp
√
2|φsat| ≃ 2.2γL is the bouncing frequency of
trapped particles). This estimate, using scaled variables,
simply provides |ξ¯′nl| ≃
√
4|φsat|/ℓ0 ≃ 2.1, as properly
obtained from the numerical simulations.
Harmonics of the most unstable mode. Let us now
deal with the problem of the intrinsic validity of the sin-
gle wave model in the presence of harmonics of ℓ0. This
issue was already discussed in Ref.[6] and here we deepen
the analysis by studying the possible effects on the long
time dynamics of the whole harmonic Fourier spectrum.
In fact, in Ref.[11] it was pointed out that the first har-
monics are negligible only during the very early stages
of motion because of the initial spatial bunching. At
saturation, the system exhibits a peaked profile in the
ξ¯ space and the Poisson equation shows that every har-
monic of the fundamental mode is proportional to the
Fourier coefficient of the density ρˆkj : thus, any of them
could be excited. In the following, we study the pres-
ence of the harmonics of the most unstable mode: this
corresponds to implement the dynamics of wave numbers
kh = ωh/(vph)h = hωp/vB = hk0, where we have intro-
duced the integer harmonic index h = 2, ..., p. The di-
electric function is not vanishing since ωh = hωp, and the
evolution of an harmonic field is thus governed by an alge-
braic equation coming directly from the Poisson law, i.e.,
φℓh = −
2η¯
ǫp(hωp)N
N∑
r=1
e−i(ℓh ξ¯r+βhτ) , (4)
instead of a differential one (its modulus is reduced by η¯).
In order to demonstrate the long time validity of the
single wave model (for the sake of simplicity, we set ℓ0 = 1
and η¯ = 0.01), we have firstly run a simulation with only
the most unstable mode in order to extract all the coef-
ficients ρˆkh through a Fourier analysis. Then, we have
simulated the system in the presence of the outlined rele-
vant harmonics (about 100). In this latter case, also the
harmonic modes are initialized as |φℓh(0)| = 10
−2 (as in
Ref.[6]) and the simulation was performed until τ = 200.
In Fig.2, the single wave model harmonic generation
is outlined and the density ρ(ξ¯) (left-hand panel) and its
Fourier coefficients (right-hand panel) are shown at τ = 5
(almost at spatial bunching). From this analysis, it is clear
how only the first hundred harmonics can be assumed as
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Fig. 2: Single wave model harmonic generation. Te left-hand
panel shows the density ρ(ξ¯) near the spatial bunching; in
the right-hand panel, the corresponding Fourier coefficients are
computed and plotted: a threshold at the hundredth harmonic
is evident.
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Fig. 3: Simulation in the presence of harmonics. The left-
hand panel shows the density ρ(ξ¯) at spatial bunching in the
presence of the first 100 harmonics: the dynamic results are
unaltered and the production of harmonics is unchanged (right-
hand panel).
non negligible, so we have considered those hundred ad-
ditional modes in the original system. The results of the
extended simulation are shown in Fig.3 and it emerges
how the hypothesis for which the harmonics do not in-
fluence the system is consistently verified since no quan-
titative changes in the dynamics occur. To corroborate
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Fig. 4: Evolution of the ratio EHar/E0; the red line represents
the mean value ≃ 5 · 10−5. (Colors online)
this observation, we now analyze the harmonic evolution
for long times by studying the energy ratio that they sub-
tract from the leading mode φℓ0 . We monitor the ratio
EHar/E0 = |ℓ0φℓ0 |
−2
∑
h |ℓhφℓh |
2, that provides the energy
percentage lost by φℓ0 . We plot the temporal evolution of
this quantity in Fig.4, where we also indicate (in red) the
time average≃ 5×10−5 (we underline how EHar/E0 scales
like η¯2, so that for the upper-limit value η¯ ≃ 0.2 it could
take the value 4×10−3). In conclusion, this whole analysis
strengthens and quantitatively characterizes the assump-
tion that the presence of harmonics can be safely neglected
in the single wave model. We emphasize that the short
time analysis is needed to ensure the self-consistency of
the considered scheme (i.e., new harmonics are not signif-
icantly generated), while the long time study sheds light
on the average negligible contribution to the particle mo-
tion due to harmonics.
Analysis of the multi-mode system. Let us now ana-
lyze the effects of the linear unstable and stable part of the
spectrum. In particular, we simulate the non-linear dy-
namics involving a large set (m = 60) of Langmuir modes.
For the single wave model, comparing the estimate of
the non-linear velocity spread Eq.(3) and the expression
of the linear instability width, one can easily recognize
that ∆vnl/vB ≃ 1.2∆k/k0. This indicates how the lin-
ear unstable modes should also feel the drive of particles
that have been spread in velocity due to non-linear interac-
tion. A multi mode model is therefore mandatory, at fixed
Fig. 5: Evolution of mode amplitudes with 90 6 ℓ 6 150 (here
we set η¯ = 0.01). A sort of avalanche effect is evident, for which
the most unstable mode ℓ = 100 (thick black line) passes its
energy to the following ones (dashed lines). The colors follow
the temperature map sequence, from blue (ℓ = 101) to red
(ℓ = 150). The mode numbers smaller than ℓ0 (dotted black
lines) are not destabilized at all. (Colors online)
η¯, for ℓ0 ≫ 1, thus enlarging the unstable spectrum ∆ℓ.
From ∆ℓ/ℓ0 ≃ 1.7η¯, it can be argued that the single wave
approximation is valid only for η¯ℓ0 ≪ 1. Moreover, we
will point out that the non-linear particle velocity spread
is increased by the unstable modes through non-diffusive
particle transport and can also excite the linear stable part
of the spectrum, triggering a sort of avalanche effect. In
fact, the excited modes exchange energy with the beam,
so its spread in velocity increases destabilizing the nearest
mode and so on. In this case, a highly dense spectrum can
be excited by a single fast beam, underling the importance
the linear stable modes have on the transport features.
Let us now discuss the simulation results of a system
with ℓ0 = 100 and η¯ = 0.01
1. The number of modes ef-
fectively participating in the dynamics has been chosen,
after some tests, to be 60. Thus, we run simulations with
90 6 ℓ 6 150, where the asymmetry with respect to ℓ0 is
due to the fact that the particles lose energy (decreasing
their velocity) and can thus excite large wave numbers. In
Fig.5, the behavior of the whole Langmuir set is shown as
a function of time. It is evident that initially the system
behaves as a single wave model, but, after the excitation
1It is worth noting that the treated processes present a time scale
that is invariant for changes of ℓ0. In fact, saturation occurs always
after τ ∼ 5, even though ℓ0 is changing. Moreover, in the motion
equation, any term with the product ℓjτ is present and running
simulations decreasing the time step by two order of magnitude gives
a perfect match in the results.
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of the adjacent linear unstable modes, the avalanche ef-
fect begins and stable modes are also non-linearly desta-
bilized. Thus, through transport of particles to lower ve-
locity, modes with large wave number acquire a non-linear
drive. This analysis underlines the relevance of the linear
unstable modes for the case ℓ0 ≫ 1 and enlightens the
failure of the single wave model assumption.
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Fig. 6: Comparison between the velocity distribution in the
single wave model (left-hand panel) and in the multi-mode
system (right-hand panel). In the first case, the presence of
a macroparticle is pointed out by the peaked profile; in the
second case, the multi-mode interaction flattens the distribu-
tion leading to a plateau.
The avalanche excitation phenomenon is described by
the destruction of the coherent features of the clump pro-
file. In fact, an almost uniform particle distribution in
µ−space emerges instead of the rotating structure pointed
out in the single wave assumption. We may better charac-
terize this effect analyzing the velocity distribution f(ξ¯′)
in comparison with the single wave results (suitably nor-
malized). In Fig.6, a deep difference between the two cases
emerges. In fact, in the left-hand panel, a peaked profile
is outlined corresponding to the presence of the rotating
clump, that oscillates indefinitely in time and describes
the particle trapping phenomenon. On the other hand, in
the right-hand panel, the formation of a plateau in the ve-
locity distribution occurs: this is due to the fact that the
interaction with the linear stable spectrum does not allow
the confinement of the particles in coherent structures. In
fact, particle transport and diffusion take place leading to
a loss of mean velocity of the beam and to a consequent
flattening of the distribution profile.
Spectrum evolution. Let us now define the quantity
I(ℓj) = |φℓj |
2 and let us analyze the behavior of some
fundamental parameters of its evolution, such as the peak
position and the decay slope as function of the j index. As
a result, we point out how the spectral curve I(ℓj) takes
an asymptotic universal profile as the parameter η¯ℓ0 re-
mains constant. In this respect, we analyze two sets of
four cases corresponding to η¯ℓ0 = 1 and η¯ℓ0 = 0.3, respec-
tively. By scaling the wave number as ℓ˜ = (ℓ − ℓ0)/(η¯ℓ0),
the curves corresponding to the four cases asymptotically
behave as in Fig.7, left(right)-hand panel for η¯ℓ0 = 1(0.3),
where a curve was assumed to be asymptotic when the
modes with very large ℓ no longer vary significantly (after
some tests, the profiles were taken for temporal scales of
order O(500)). The four curves consistently overlap as a
demonstration of the universal behavior of the system in
Fig. 7: Superposition of the curves I(ℓ˜) at late times, for con-
stant η¯ℓ0 = 1 (left-hand panel) and η¯ℓ0 = 0.3 (right-hand
panel). The values of ℓ0 are indicated in the plots. A universal
spectral profile emerges, with a good degree of accuracy, for
the classes η¯ℓ0 = const. (Colors online)
function of the parameter η¯ℓ0. The breaking of the single
wave model approximation is, furthermore, evident in a
system with η¯ℓ0 ∼ 1, while it properly holds for η¯ℓ0 ≪ 1.
These two results find a clear explanation as far as we
discuss how the quantity η¯ℓ0 enters the non-linear physics
of the model. As discussed above, we see that the reso-
nance width reads ∆ℓ ≃ 1.7η¯ℓ0, thus the universal charac-
ter of the spectral profile is associated with a fixed number
of linear unstable modes. Furthermore, since ∆ℓ must
be at least one, once fixed ℓ0 a value of η¯ (such that
η¯ℓ0 ≪ 1) always exists for which the non-linear velocity
spread ∆vnl/vB ≃ 2η¯ is too small to excite any additional
mode but the most unstable one.
The time evolution of I(ℓ˜) is characterized by two
stages, as can be argued from Fig.8: first, most of the
Fig. 8: Temporal evolution of the spectral profile I(ℓ˜) for the
case η¯ℓ0 = 1, with ℓ0 = 100. Each curve corresponds to a
different time as indicated in the plot. (Colors online)
energy of the leading mode is transferred to the adjacent
ones, and, after the generation of a peaked spectrum, a
small shift of such a profile towards larger wave-numbers
is present; then a phase of evolution starts in which the
amplitude of the leading modes does not vary consider-
ably, but the support of the function increases, denoting
the excitation of increasing large ℓ.
Concluding remarks. – This paper was devoted to
deepen the understanding of the beam-plasma interaction
in the presence of many Langmuir waves. In particular,
we included in the system dynamics both the harmon-
ics of the most unstable mode (with frequency multiple
of the plasma one) and an array of wave numbers, lin-
early unstable and stable for that parameter range. We
p-5
N. Carlevaro, G. Montani, D. Terzani
demonstrated that, as far as the product η¯ℓ0 is much less
than unity, the single wave model is consistent. However,
when such a product increases enough, the modes hav-
ing a wave number greater than the most unstable one
are also excited due to the beam non-linear broadening
in the velocity space and an avalanche phenomenon can
take place, i.e., the particle transport is significantly en-
hanced, leading to the formation of a plateau profile in
the velocity distribution function as the asymptotic evo-
lution is concerned. This result underlines the relevance
of the spectrum morphology in determining the proper
evolution of the beam-plasma instability and how the two
crucial parameters are the beam intensity and the mode
spectral density.
In addition to this basic issue of our study, we demon-
strated, on the one hand, how the energy fraction absorbed
by the harmonics of the most unstable mode is negligible
at all; on the other hand, that the non-linear broadening
of the spectrum possesses a universal morphology, depend-
ing on the value of the product η¯ℓ0 only. In the light of
a weak turbulent plasma theory [33], for which arbitrarily
high Fourier components enter the system dynamics, the
present study suggests that the single wave model can not
predict the transport feature when isolated resonances are
overlapped, as in physical systems.
We stress how in Refs.[34] and [35], the validity of the
so-called quasi-linear model was investigated, and the as-
sumptions under which such a paradigm is predictive were
clarified. In particular, in Ref.[35], it is shown the absence
of the mode coupling in the saturation mechanism of the
bump-on-tail instability. Also the present analysis outlines
that, in the meso-scale temporal evolution of the system,
avalanche processes can take place, and we clarify how, in
such a regime, convection phenomena are comparably rel-
evant as diffusion ones, see also Ref.[24]. By other words,
the spectral intensity evolution is associated to coherent
features which shift the peak of the spectrum preserving
the resonance selection rule. However, this phenomenon
coexists with a diffusion process, dominating the late evo-
lution phases of the system and being responsible for the
plateau profile in the particle distribution function.
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